Quantum groups in nature!

Jules Martel-Tordjman
(j-w. S. Bigelow)

Grenoble

Inature is actually homologies of labeled configuration spaces of surfaces
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@ Introduction

@ Configuration spaces of decoterated points and homologies

© An algebraic structure

@ A homological construction of U,g~°

© A homological construction of U,g-modules
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Quantum groups

II = {041,

.,Oél}

The quantum algebra U,g

o Let II:= {ay,...,a;} be a set of simple roots,

=] 5 = E 9AacC
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Quantum groups

II = {041,

.,Oél}

The quantum algebra U,g

o Let II:= {ay,...,a;} be a set of simple roots,

o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix

(ai,i =2, Qi j <0 otherwise, H(dl, . dl) € N s.t. (dz(lzﬂlj is symmetric)

=] F = £ 9©Aac
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Quantum groups

The quantum algebra U,g
InI={o,...,q}

o Let II:= {ay,...,a;} be a set of simple roots,
o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix

(a;; =2, a;j <0 otherwise, 3(dy,...,d;) e Ns.t. (d;a; ;)i  is symmetric)
o Let (-,-) be the sym. bilin. form (on ZII) given by the symmetric matrix.
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Quantum groups

The quantum algebra U,g
InI={o,...,q}

o Let II:= {ay,...,a;} be a set of simple roots,
o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix
(a;; =2, a;j <0 otherwise, 3(dy,...,d;) e Ns.t. (d;a; ;)i  is symmetric)

o Let (-,-) be the sym. bilin. form (on ZII) given by the symmetric matrix.

The quantum Kac—Moody algebra U,g associated with this data set is the
Q(q)-algebra generated by E,,, F,, KX! (for all a € II)
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Quantum groups

The quantum algebra U,g
InI={o,...,q}

o Let II:= {ay,...,a;} be a set of simple roots,
o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix
U9 = (Eo, Fuo, Ko, o € TI) (ai; =2, a;; <0 otherwise, 3(dy,...,d;) € Ns.t. (dia;;);; is symmetric)

o Let (-,-) be the sym. bilin. form (on ZII) given by the symmetric matrix.
The quantum Kac—Moody algebra U,g associated with this data set is the
Q(q)-algebra generated by E,,, F,, KX! (for all a € II), plus relations:

K K;' = K;'K, =1,
B sy B i K,— K1
Ko, Eo, K;' = qa, ® Ea,, KazFO(zjl)Kall = qa; Fo,, [Eo, Fo] = el
a — Ya

where ¢, := ¢%, and the quantum Serre relations, for  # « and :

1-ai;

1—a;, Ca —
Z (—1)l< l”) FlFgFl=ai=t =,
qo

=0
1—a;;

1—a;; —a—
S0 (') B -0
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Quantum groups
II= {al,...,al}

Uqg = (EavFa?Kaya € H>

Quantum groups for topology

=] 5 = = acr
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Quantum groups

II = {041,

.,Oél}

Uqg = (Ea,FomKoua € H>

Quantum groups for topology

,%k =<O’1,...,Gk’

005 = 0504, |i —j| =2,

0i0i+104 = 0i4+10i0i41

= > ~ Mod(Dy,)

=] F = £ 9©Aac
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Quantum groups
II= {a17 O Oé[}

Uqg = (EomFomKoua € H>

Quantum groups for topology

,@k =<O’1,...,Gk‘

Input: Ugg-modules,

005 = 0504, |i —j| =2,

0i0i+104 = 0i4+10i0i41

= > ~ Mod(Dy,)

=] F = = £ DAl
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Quantum groups

II = {041,

-,Oé[}

Uqg = (Eon Fo, Ko, € H>

Quantum groups for topology

,@k =<O’1,...,Jk‘

Input: Ugg-modules,

0i0i+104 = 0i4+10i0i41

= > ~ Mod(Dy,)

005 = 0504, |i —j| =2,
Output: Reps. of 3By, (using the R-matrix),

By,

>

k
End y,q12) (VEF),
=] = = = = DA



Quantum groups

Quantum groups for topology
InI={o,...,q}

T = T ;g > 27
By = <01,...,0k‘ 0105 = 0300 |1 =] 2 > ~ Mod(Dy,)
Uqu <Ea,Fa,Ka,a€H) 0i0i+104 = 0i4+10i0i41

Input: Ugg-modules,

Output: Reps. of By (using the R-matrix), invariants of links (using
quantum/modified trace),

7 —  Endy, e (VE),
{ links } —  Clg*'],
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Quantum groups

Quantum groups for topology
InI={o,...,q}

T = T ;g > 2
g%k=<0'1,.,.,0'k‘ 0i0y 0-]0-1;|’L .]| ) >:M0d(Dk)
Uqu <Ea,Fa,Ka,a€H) 0i0i+104 = 0i4+10i0i41
Input: U,g-modules, ¢ = ( = ¢?/™/"
Output: Reps. of By (using the R-matrix), invariants of links (using

quantum/modified trace), of 3-manifolds (using Kirby colors) ...

7 —  Endy, e (VE),
{ links } - Clg*],
{closed 3-manifolds} — C*
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Quantum groups Quantum groups for topology

InI={o,...,q}
sm:<mwngqmw=¢W”’ > Mod(Dy)
U, = (En, Fo, Ko, a €10) 0i0i+104 = 0i41040+1

Input: U,g-modules, ¢ = ( = ¢?/™/"
Output: Reps. of 3By, (using the R-matrix), invariants of links (using

quantum/modified trace), of 3-manifolds (using Kirby colors) ...

TQFTs:
3Cob (cobordism cat.)  —  Ugsly — mod.
By —  Endy, e (VE),
P {links } - Clgt],
{closed 3-manifolds} — C*
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Quantum groups Quantum groups for topology

InI={o,...,q}
By, — <01,...,0k‘ 0i0;j = 0504 |i = > Mod(Dy)
Uqu <Ea,Fa,Ka,a€H) 0i0i+104 —Uz+1UzUz+1

2im/T

Input: Ugg-modules, ¢ = (¢ = ¢
Output: Reps. of 3By, (using the R-matrix), invariants of links (using
quantum/modified trace), of 3-manifolds (using Kirby colors) ...

TQFTs:
3Cob (cobordism cat.)  —  Ugsly — mod.
7 —  Endy, e (VE),
P {links } - Clg*],
{closed 3-manifolds} — C*
S, a surface — Vg
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Quantum groups Quantum groups for topology

InI={o,...,q}
B, = <O'1,...,(7k‘ 7305 = 0303, [i =] > 2, > ~ Mod(Dy,)
U9 = <Ea7Fa;Ka7a€H> 0i0i+10; = 0i+1040+1
Input: U,g-modules, ¢ = ( = ¢?/™/"
Output: Reps. of 3By, (using the R-matrix), invariants of links (using
quantum/modified trace), of 3-manifolds (using Kirby colors) ...

TQFTs:
3Cob (cobordism cat.) —  Ugsly — mod.
7 —  Endy, e (VE),
P {links } - Clg*],
{closed 3-manifolds} — C*
S, a surface — Vg
Mod(S) —  End(Vy)
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Quantum groups Quantum groups for topology

InI={o,...,q}
B, = <O'1,...,(7k‘ 7305 = 0303, [i =] > 2, > ~ Mod(Dy,)
U9 = <Ea7Fa;Ka7a€H> 0i0i+10; = 0i+1040+1
Input: U,g-modules, ¢ = ( = ¢?/™/"
Output: Reps. of 3By, (using the R-matrix), invariants of links (using
quantum/modified trace), of 3-manifolds (using Kirby colors) ...

TQFTs:
3Cob (cobordism cat.) —  Ugsly — mod.
7 —  Endy, e (VE),
B, { links } — Cle*!],
{closed 3-manifolds} — C*
S, a surface — Vg
Mod(S) —  End(Vy)
Question:
What topological content does U,g contain?
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Quantum groups
II= {al,...,al}

Uqg = (EavFa?Kaya € H>

Quantum groups from topology

=] 5 = = acr
Jules Martel-Tordjman Quantum groups in nature



t
Quantum groups Quantum groups from topology
II={o,...,a} Important history of geometric models for quantum groups, modules...:
using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).
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Quantum groups Quantum groups from topology
= {a,...,o}

Important history of geometric models for quantum groups, modules...:
using Borel-Moore homologies of quiver varieties...
U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).
They produce geometric categorifications.
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Quantum groups

Quantum groups from topology
W= {a,..., 0} Important history of geometric models for quantum groups, modules...:

using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).

They produce geometric categorifications.
Topological models:
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Quantum groups

Quantum groups from topology
W= {a,..., 0} Important history of geometric models for quantum groups, modules...:

using Borel-Moore homologies of quiver varieties...

= (0% y 1 y - y i . wen ).
U9 = (Eu, Fo, Ko, a € TI) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...)
They produce geometric categorifications.

Topological models:

o (Bigelow) Recover modules on lwahori-Hecke algebras from twisted
homologies of conf spaces of disks. (following Lawrence)
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Quantum groups

Quantum groups from topology
InI={o,...,q}

Important history of geometric models for quantum groups, modules...:
using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).
They produce geometric categorifications.

Topological models:

o (Bigelow) Recover modules on lwahori-Hecke algebras from twisted
homologies of conf spaces of disks. (following Lawrence)
o (M.) Let V be the Verma module of U,sl(2).
@D HZM (Conf (Dy), Sp: #) ~ vV

neN

[will also be hidden in Anne-Laure’s talk]

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aolit 6/33



Quantum groups

Quantum groups from topology
InI={o,...,q}

Important history of geometric models for quantum groups, modules...:

using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).

They produce geometric categorifications.
Topological models:

o (Bigelow) Recover modules on lwahori-Hecke algebras from twisted
homologies of conf spaces of disks. (following Lawrence)
o (M.) Let V be the Verma module of U,sl(2).

@ HM (Conty (Dy), Spi &) =~ VO
neN

[will also be hidden in Anne-Laure’s talk]

o (De Renzi-M.) Let ad be the adjoint rep of ucsl(2), X} the genus g surface

P HEM(Conf,, (S}), Sp; Vi) ~ ad®?
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Quantum groups

Quantum groups from topology
InI={o,...,q}

Important history of geometric models for quantum groups, modules...:

using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).

They produce geometric categorifications.
Topological models:

o (Bigelow) Recover modules on lwahori-Hecke algebras from twisted
homologies of conf spaces of disks. (following Lawrence)
o (M.) Let V be the Verma module of U,sl(2).

@ HM (Conty (Dy), Spi &) =~ VO

neN
[will also be hidden in Anne-Laure’s talk]

o (De Renzi-M.) Let ad be the adjoint rep of ucsl(2), X} the genus g surface

@HEM(COan(E;), Sn; Vi) =~ ad®9
o (Godfard) Products of simple U¢sl(2) modules in @, Hn(Conf,, (Dy))
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Quantum groups Quantum groups from topology
= {a,...,o}

Important history of geometric models for quantum groups, modules...:

using Borel-Moore homologies of quiver varieties...

U, = (En, Fo, Ko, a €10) (Lusztig, Rouquier, Nakajima, Varagnolo—Vasserot, Maksimau—Stroppel...).

They produce geometric categorifications.
Topological models:

o (Bigelow) Recover modules on lwahori-Hecke algebras from twisted
homologies of conf spaces of disks. (following Lawrence)
o (M.) Let V be the Verma module of U,sl(2).

@ HM (Conty (Dy), Spi &) =~ VO

neN
[will also be hidden in Anne-Laure’s talk]

o (De Renzi-M.) Let ad be the adjoint rep of ucsl(2), X} the genus g surface

P HEM(Conf,, (S}), Sp; Vi) ~ ad®?

o (Godfard) Products of simple U¢sl(2) modules in @, Hn(Conf,, (Dy))

Everywhere a mapping class group TQFT representation is intertwined
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Quantum groups

The quantum algebra U,g
InI={o,...,q}

o Let II:= {ay,...,a;} be a set of simple roots,
o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix
U9 = (Eo, Fuo, Ko, o € TI) (ai; =2, a;j <0 otherwise, 3(dy,...,d;) € Ns.t. (dia;;);; is symmetric)

o Let (-,-) be the sym. bilin. form (on ZII) given by the symmetric matrix.
The quantum Kac—Moody algebra U,g associated with this data set is the
Q(q)-algebra generated by E,,, F,,, KI! (for all a € IT) , plus relations:

K K;' = K;'K, =1,
B sy B i K,— K1
Ko, Eo, K;' = qa, ® Ea,, KazFO(zjl)Kall = qa; Fo,, [Eo, Fo] = ol
a — Ya

where ¢, := ¢%, and the quantum Serre relations, for 8 # « and :

1-ai;

1—a;, —a —
Z (—1)l< l”) FlFgFl=ai=t =,
qo

=0
1—a;;

1—a;; —a—
S0 (') B -0

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 7/33



Quantum groups
InI={o,...,q}

Usg = <Ea7FaaKa7a € H>

The quantum algebra U,g~"

o Let II:= {ay,...,a;} be a set of simple roots,
o and C := (a;)1<i,j<i be a symmetrizable Cartan matrix
(a;; =2, a;j <0 otherwise, I(dy,...,d;) e Ns.t. (d;a; ;)i  is symmetric)
o Let (-,-) be the sym. bilin. form (on ZII) given by the symmetric matrix.
The quantum Kac—Moody algebra Uqg<O associated with this data set is the
Q(q)-algebra generated by F,, I, - for all a € II with the relations:

K,K;'=KJ'K, =1,
B 7(1,% B Y5 K, — Kﬁl
K(LE()/K”/I = Qo E(y/-, K(\,,F((yPK(y,l - f]a? F(\,,/a [E(v,-, F(\] - (1“7(1311
a — Yo

where ¢, := ¢%, and the quantum Serre relations, for  # « and :

S 1—a;;
Z (_1)l< l l7j> F(iFBF;7a7,77l = O)
=0 Qo
1—a,
i) 1—a .
1=0 ) da
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Quantum groups

H:{al,...,al}

Uqg = (EavFa?Kaya € H>

@ Configuration spaces of decoterated points and homologies

=] 5 = = acr
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Quantum groups

II = {041,

.,Oél}

Uqg = (EavFomKoua € H>

Configurations of points decorated by simple roots

=] 5 = = acr
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Quantum groups

II = {041,

.,Oél}

Uqg = (Ea,FomKona € H>

o Recall II = {ay,

., ay}, the set of simple roots.

=] F = £ 9©Aac
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Quantum groups

II = {041,

-,Oé[}

o Recall II = {ay,
Ugg = (Eq, Fo, Ko, o € T0)

o Let {c¢:II - N} ~ {> njos, n; € N} =: NII

., ay}, the set of simple roots.

=] F = = £ DAl
Jules Martel-Tordjman Quantum groups in nature
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Quantum groups

Configurations of points decorated by simple roots
InI={o,...,q}

@ Recall IT = {ay, ..., ay}, the set of simple roots.

Uy = (B, Fay Koy € II) o Let {c¢:II - N} ~ {3 nja;,n; € N} =: NIL

Homology

D =
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Quantum groups

Configurations of points decorated by simple roots
InI={o,...,q}

o Recall IT = {a, ..., q;}, the set of simple roots.

Uyg = (Ea, Fo Koy € II) o Let {c¢:II - N} ~ {3 nja;,n; € N} =: NIL

Homology

D =

For ¢ € NII, the c-colored configuration space of D is defined as follows:

Conf, (D) = (Dc'\U{zi - zﬁ) S etan ¥+ X Gean

1<j

where D is a closed disk and | >} n;o;| := >3, n;.
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% =450 .. ,zg("ai)}

Configurations of points decorated by simple roots

o Recall IT = {a, ..., q;}, the set of simple roots.
o Let {c¢:II - N} ~ {3 nja;,n; € N} =: NIL

D =

For ¢ € NII, the c-colored configuration space of D is defined as follows:

Conf, (D) = (DC'\U{zi - zﬁ) S etan ¥+ X Gean

1<j

where D is a closed disk and | >} n;o;| := >3, n;.
An element of Conf, is denoted

(<31 (<31 [e%] (e} [e7] (27
({z1 7...,zc(ou)},{zl ,...,zc(a2)},...,{zl ,...,zc(al))

and can be seen as [ packages of indistinguishable points
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Quantum groups

II = {041,

.,Oél}

Uqg = (Ea,FomKoua € H>

Computing angles
Homology
D

Conf, = {(z%*,
FH =

, 2%}
CARRITEE 9,

=] F = £ 9©Aac
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Quantum groups Computing angles

II={o,...,a} Let {z,...2n}, {wi,..., w} be two configurations of D and S! the unit circle.
2
Ve = \Ba, Foy Koy €1 fanmh =[] (‘ZJ = ) = 11 (‘zJ — ) es', (1)
Homology l1<i<j<n |Zj o Zi| 1<ij<n |Zj - Zi|

l<i<n,l<j<k

Conf, = {(2%*,...,27)}

% =450 .. ,zg(iai)}
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Quantum groups Computing angles

II={o,...,a} Let {z,...2n}, {wi,..., w} be two configurations of D and S! the unit circle.
2
Ve = \Ba, Foy Koy €1 fanmh =[] ( o ) = 11 ( o ) es', (1)
Homology l1<i<j<n |Zj o Zi| 1<ij<n ‘zj - Zi|

l<i<n,l<j<k

Conf, = {(2**,...,2*)}  Let c e NII:

FR =B o oL _
{ ! C(ai)} @ . Confc e (Sl)l X (Sl)l(l21) = Bc
(M, 2% e (f(2M), . f(29), g(2%, 202), ., (20, 20)
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Quantum groups Computing angles

II={o,...,a} Let {z,...2n}, {wi,..., w} be two configurations of D and S! the unit circle.
2
Ve = \Ba, Foy Koy €1 fanmh =[] ( o ) = 11 ( o ) es', (1)
Homology l1<i<j<n |Zj o Zi| 1<ij<n ‘zj - Zi|

l<i<n,l<j<k

Conf, = {(2**,...,2*)}  Let c e NII:

FR =B o oL _
{ ! C(ai)} @ . Confc e (Sl)l X (Sl)l(l21) = Bc
(M, 2% e (f(2M), . f(29), g(2%, 202), ., (20, 20)

1(0=1) .
z for which we choose generators:

Let o := m1 (B, (1,...,1)) =Z! x Z
(kla BRRE) kla k(172)7 LR k(l—l,l))
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Quantum groups Computing angles

II={o,...,a} Let {z,...2n}, {wi,..., w} be two configurations of D and S! the unit circle.
2
Ve = \Ba, Foy Koy €1 fanmh =[] ( o ) = 11 ( o ) es', (1)
Homology l1<i<j<n |Zj o Zi| 1<ij<n ‘zj - Zi|

l<i<n,l<j<k

Conf, = {(2**,...,2*)}  Let c e NII:

FR =B o oL _
{ ! C(ai)} @ . Confc e (Sl)l X (Sl)l(l21) = Bc
(M, 2% e (f(2M), . f(29), g(2%, 202), ., (20, 20)

1(0=1) .
z for which we choose generators:

Let o := m1 (B, (1,...,1)) =Z! x Z
(kla BRRE) kla k(172)7 LR k(l—l,l))

Coordinates of @, pushed to m;'s computes winding numbers of loops
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Quantum groups

A local system: monodromy encoding the Cartan matrix
InI={o,...,q}

: -1
Ugg = <Ea’ Fo, Ko, € H> P, : Conf, — (Sl)l % (Sl) = =: B,
Wi-1)

Homology and me := (B, (1,..., 1)) = ZE x Z7 7 = (ke hinkrays - k-

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
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Quantum groups

A local system: monodromy encoding the Cartan matrix
InI={o,...,q}

: =1
Ugg = <Ea’ Fo, Ky, € H> P Conf, — (Sl)l % (Sl) = =: B,
Homology and 7, := 7T1(Bc, (]., ey ].)) = 7! x Z@ = <k1, ey kg k(1,2)7 ey k(l—17l)>-
D = Definition
Te — R = Z[qil]
Conf, = {(zou, e, zal)} Pe: ki — _q(ai,az)/Q _ —qdi —

% =450 .. ,z(‘:’("ai)} ks — glovai)/2 = Ga e -
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Usg = <Ea7FaaKa7a € H>

Quantum groups

InI={o,...,q}

D

Homology

Conf, = {(2%*,...,27)}

% =450 .. ,z(‘:’("ai)}

Re

: Z[m] = & = Z[gT!]

A local system: monodromy encoding the Cartan matrix

1(1—1)
2

®c.: Conf, — (SY)!x (S =: B,

1(1—1)

and 7. := 7T1(BC, (].,. . ,].)) = Zl X7~z = <k1,. . «7klak(1,2)7~ -ak(l—17l)>-

Definition

T — %:=Z[qi1]

pe: ki o =gl = —gh = —q,

k(i,j) = q(ahaj)/Q = Qo ,a;-

Then the set Z. := (R, 7. :fIDCO’rg,pC) endows Conf,. with a local system with

fiber isom. to % and monodromy given by p. o %.

Jules Martel-Tordjman Quantum groups in nature
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Quantum groups

A local system: monodromy encoding the Cartan matrix
InI={o,...,q}

1(1—1)
2

Ugg = <Ea’ Fo, Ko, € H> P, : Conf, — (Sl)l % (Sl) =: B,
m and 7 i= Trl(BC’ (1’ T 1)) = Zl X Z@ = <k17 EERX} klv k(1,2)7 ceey k(l—17l)>.
D = Definition
Te — R = Z[qil]
Conf, = {(zou, e, zal)} Pe: ki — _q(ai,az)/Q _ —qdi —

2% = {21, 2 ) kagy = g0 =t go

Then the set Z. := (R, 7. =P .or=, p.) endows Conf, with a local system with
R, 7 R =7 +1 . ) @ ) el 5 Pe @
[m] = ] fiber isom. to # and monodromy gli/en by p. o X-.

@ A path from/to a vertically aligned configuration where two particles
decorated by a; wind once around each other is sent to —¢%,

@ A path from/to a vertically aligned configuration where two particles
decorated resp. by a;, a; wind once around each other is sent to ql@2)/2,

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 12/33



Quantum groups

Twisted homologies
II = {041, .y Oél}
Uqg = (Eon Fo, Ko, € H>
Homology
D =
Conf, = {(z%, ..

z*)}
&0 = {75°,

(673
’Zc(ai)}
R : Lm] — R = ZgH)

with 0D < 0D in red,

otD

=] F = = £ DAl
Jules Martel-Tordjman Quantum groups in nature




Quantum groups

Twisted homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D= ot D
with 0D < 0D in red, Let ¢ e NII,

Conf, = {(2%*,...,27)}

Zai = {2,'10”7 e ,Zg(la)}
S < 0Conf (D) is the set of configurations w. at least one point in 0~ D.

R : Lm] — R = ZgH)
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Quantum groups

Twisted homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

otD

Conf, = {(z*,...,2%)} with 0D < 0D in red, Let ¢ e NII,

Zai = {2,'10”7 e ’Zg(lal)}
S < 0Conf (D) is the set of configurations w. at least one point in 0~ D.
R Lm) = R = Llg*
] ™) aPM = Hﬁllw(COch,Sc_;e%c),

H, = H‘C|(Confc, ST Re),

where BM indicates Borel-Moore homology
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Quantum groups

Twisted homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

otD

Conf, = {(z*,...,2%)} with 0D < 0D in red, Let ¢ e NII,

Zai = {2?17 e ’Zg(lal)}
S < 0Conf (D) is the set of configurations w. at least one point in 0~ D.
R Lm) = R = Llg*
] ™) aPM = Hﬁllw(COch,Sc_;e%c),

oM = HE?](COHfC,Sc), H. = H,(Conf,, S ; R,.),
where BM indicates Borel-Moore homology, both carrying an #-module
structure.
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Quantum groups

II = {041,

-,Oé[}

Uqg = (Eon Fo, Ko, € H>

Homology
D

[ 2

{1,

Example of Borel-Moore classes
Conf, = {(27,..
z

2%}

(673
’Zc(ai)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

=] F = = £ DAl
Jules Martel-Tordjman Quantum groups in nature



Quantum groups Example of Borel-Moore classes

= {a,...,a} o A pearl necklace:
Uy = (Eo, Fay Koy € TI) e HP)! (Conf, (1))
Homology
where I is the (open) unit interval and ¢ = a,y + -+ + a,, € NIL

Defined from an embedding of the open simplex

D =
All:=f0<t; <--- < tje| < 1} = OConf (1)

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 14 /33



Quantum groups

InI={o,...,q}

Example of Borel-Moore classes
@ A pearl necklace:

Uy = (Eo, Fay Koy € TI) e HP)! (Conf, (1))

Homology
where I is the (open) unit interval and ¢ = a,y + -+ + a,, € NIL

D — Defined from an embedding of the open simplex

All:=f0<t; <--- < tje| < 1} = OConf (1)

Conf, = {(2%,...,2%)} .
2™ ={21", .. 2} o (a pearl necklace) — (D, 0~ D) defines Conf.(I) — (Conf.(D), S ).

R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel
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Quantum groups

InI={o,...,q}

Example of Borel-Moore classes
@ A pearl necklace:

Uy = (Eo, Fay Koy € TI) e HP)! (Conf, (1))

Homology
where [ is the (open) unit interval and ¢ = o, + -+ + o, € NIL

D — Defined from an embedding of the open simplex

All:=f0<t; <--- < tje| < 1} = OConf (1)

Conf, = {(2%*,...,27)}

2™ ={21", .. 2} o (a pearl necklace) — (D, 0~ D) defines Conf.(I) — (Conf.(D), S ).
The corresp. diagram represents the image of the pearl necklace by
R Lm] = R = Zlg™] HM (Conf (1)) — HEY(Conf (D), S,)

#"M .= HEY (Conf,, S,

3
lel
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Quantum groups

InI={o,...,q}

Example of Borel-Moore classes
@ A pearl necklace:

Uy = (Eo, Fay Koy € TI) e HP)! (Conf, (1))

Homology
where [ is the (open) unit interval and ¢ = o, + -+ + o, € NIL

D — Defined from an embedding of the open simplex

All:=f0<t; <--- < tje| < 1} = OConf (1)

Conf, = {(2%%,...,2%)}

2™ ={21", .. 2} o (a pearl necklace) — (D, 0~ D) defines Conf.(I) — (Conf.(D), S ).
The corresp. diagram represents the image of the pearl necklace by
R Lm] = R = Zlg™] HM (Conf (1)) — HEY(Conf (D), S,)

#"M .= HEY (Conf,, S,

3
lel

Flr1reyrm) = Gy E%CBM
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Quantum groups

Structure of the Borel-Moore homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

L%/(rl,...,rm) = € %CBM

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

Structure of the Borel-Moore homologies

L%/(rl,...,rm) =

Proposition (Bigelow—M.)

Let c € NII, then the module 2™ is:

@ a free B-module,

c %CBM
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

lel

Structure of the Borel-Moore homologies

:;Ekrl,~~,7vn) =

Proposition (Bigelow—M.)

Let c € NII, then the module 2™ is:

@ a free B-module,

c %CBM

o for which the set Byont := {F (s, 1) St X0, = c} is a basis.
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Quantum groups

Structure of the Borel-Moore homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

g(rl,...,rm) = € %CBM

D:

Conf, = {(2%%,...,2%)}
2% ={a" - %Gyt Proposition (Bigelow—M.)

Let c € NII, then the module 2™ is:
@ a free B-module,

R : Lm] — R = ZgH)

" == H|})" (Conf,, S), o for which the set Byont := {F (s, 1) St X0, = c} is a basis.
o It is the only non-vanishing module from the sequence HEM (Conf ., S ; &.).
(the homology is concentrated in the middle dimension).

v,
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Quantum groups

II = {041,

.,Oél}

Uqg = (EomFomKoua € H>

Homology
D

[ 2

{1,

Conf, = {(27,..
z

2%}

(e
) Zc(ai)}

© An algebraic structure
R : Lm] — R = ZgH)

#5M = HEY (Conf,, S,),

=] F = = £ DAl
Jules Martel-Tordjman Quantum groups in nature



Quantum groups

II = {041,

A product
.,Oél}
Uqg = (EomFomKoua € H>

Homology
D

[ 2

{1,

Conf, = {(27,..
z

2%}

(673
’Zc(ai)}
R : Lm] — R = ZgH)

#5M = HEY (Conf,, S,),

=] F = = £ DAl
Jules Martel-Tordjman Quantum groups in nature



Quantum groups A product

I=Aa,...,
{ J Stacking disks from above:

Uqg = <Ea, Fo, Ko, € H>
ComeiEy | S

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 17/33



Quantum groups A product

I=Aa,...,
{ J Stacking disks from above:

Uqg = <Ea7 Fo, Ko, € H>
ComeiEy | S

D:

Conf, = {(2%, .. 2%)} provides a map: Conf., x Conf., — Conf,, t,,
Zai = {2?17 e ’Zg(lal)}

R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

lel
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Quantum groups

A product
InI={o,...,q}

Stacking disks from above:

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {( o) provides a map: Conf., x Conf., — Conf,, +.,, which gives at homology :
onf, = {(z%,..., 2

% =450 .. ,z(‘:’("ai)} He QA — X,

c1tcee”

R Lm] — R = Zg*] (€ indicates Borel-Moore or not)

#"M .= HEY (Conf,, S,

3
lel
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Quantum groups

A product
InI={o,...,q}

Stacking disks from above:

Uqg = <Ea7Fom Ko,a € H>
ooy |

D =
S (B provides a map: Conf., x Conf., — Conf,, ;.,, which gives at homology :

Zz2% = {Z?i7...,23(ili)} %061 ®%c€2 _)%:14-02'
e 2] > R = Z[g*] (e indicates Borel-Moore or not)

. . Proposition
#e " = Hjg" (Confe, Se), e space:

HE = @ s
H = @ x. ceNIT

SN is an algebra (graded by the monoid NII).
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Quantum groups Didived powers at Borel-Moore homology
InI={o,...,q}

k) . —deREZD k BM
go(z)zq A ittty E%ka

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
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Quantum groups

InI={o,...,q}

Usg = <I1171217}{a7(1 € II>

Homology

D:

Conf, = {(z™,...

&% = a7, .

, 2}
..,z(‘:’("ai)}
R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

Didived powers at Borel-Moore homology

k(k—1
q_da¥ k

Fk) = gl Lo E ] e #EM

Proposition

In (%’CB,CM the divided powers satisfy:

(a,a) i) —z

where q, = q 2
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Quantum groups

Didived powers at Borel-Moore homology
InI={o,...,q}

E(k—1)
T

k) o —da
Uyg = (Ea, Fa, Ko, a € II) Fa =4
Homology

D - Proposition

In (%’CB,CM the divided powers satisfy:

Conf, = {(2%%,...,2%)} 5
. ‘ . 1) _— 1% (k)
2% = {20, 2500 (% ) [k] 3!Fa

R Um| > R =Zg*" ] where go = ¢~F, [z], = % and [z],! = [z]4 - [1]4.

FBM — H‘P’i\](Confc, S.), Idea: In Borel-Moore homology one has:

% = P #. I RN ()77 T S 3
EDN@[ —1=-w (3)

where (2), =1+ g+ -+ ¢* 1 and (z),! = (z)4(z — 1) (1),

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 18/33




Quantum groups

A free algebra in standard homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
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Quantum groups A free algebra in standard homologies
InI={o,...,q}

Uqg: <Ea,FaaKava€H> Fy = ©@ € H,.

Homology

D:

Conf, = {(2%*,...,27)}

z% = {2?17 000 ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
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Quantum groups

A free algebra in standard homologies
InI={o,...,q}

Uqg: <Ea,FaaKava€H> Fy = ©@ € H,.
Homology
D = .
Theorem (Bigelow-M.) J
Conf, = {(24,..., 2} The algebra # := @ ..y . Is the free R-algebra generated by {F, a € I1}.

% = 5 000 By
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
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Quantum groups

A free algebra in standard homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

Fo = @ eEH,.

D:

Theorem (Bigelow-M.)

Conf, = {(2°,..., 2%)} The algebra # := @ ..y . Is the free R-algebra generated by {F, a € I1}. J
2% — {z?i7...,zg(iai)} |dea:

o Poincaré duality provides a pairing %, ® #*M — %,

R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

el
¥ = P .
ceNIT

A A
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Quantum groups

A free algebra in standard homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

Fo = @ eEH,.

D:

Theorem (Bigelow-M.)

Conf, = {(2%, ... 2%)} The algebra # := @ ..y . Is the free R-algebra generated by {F, a € I1}. J
% =450 .. ,z(‘:’("ai)} Idea:

o Poincaré duality provides a pairing %, ® #*M — %,

o (Godfard) . is a free Z-module,

R : Lm] — R = Zlgt

#5M = HEY (Conf,, S,),

¥ = P .

ceNII

A A
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Quantum groups

A free algebra in standard homologies
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

Fo = @ eEH,.

D:

Theorem (Bigelow-M.)

Conf, = {(2%, ... 2%)} The algebra # := @ ..y . Is the free R-algebra generated by {F, a € I1}. J
% =450 .. ,z(‘:’("ai)} Idea:

o Poincaré duality provides a pairing %, ® #*M — %,

o (Godfard) . is a free Z-module,

R : Lm] — R = Zlgt

@ The family
#5M = HEY (Conf,, S,),
%I:@%c B @
ceNII
QI 5 R is dual to {(‘%‘(le,rm) st D, = C}- D
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Quantum groups

InI={o,...,q}

Uqg = <Ea, Fo, Ko, € H>
Homology

D:

Conf, = {(2%%,...,2%)}

i _ [ e A homological construction of Uqg<0
2™ ={21", .. 2}

R : Lm] — R = ZgH)

" := H;)" (Conf,, S.),

¥ = P .

ceNII
BM
QI —R
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Quantum groups

Quantum Serre relation at Borel-Moore homology
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
BM
QI —R
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Quantum groups Quantum Serre relation at Borel-Moore homology
InI={o,...,q}

Recall:
g k=1 i
R e L

U9 = (Eo, Fuo, Ko, o € TI) 9705 = g
Homology

D:

Conf, = {(2%*,...,27)}

% =450 .. ,zg(iai)}
R Lm]| — R = Z[qil]

" := H;)" (Conf,, S.),

%5:@%

ceNII

I -5 R

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit 21/33



Quantum groups

Quantum Serre relation at Borel-Moore homology
InI={o,...,q}

Recall:
Uyg = (Ey, Fo, Ko, a € II) O e e R R =
Homology :
D = . . . 0
Theorem (Homological and integral version of Us 9)
One has:
Conf, = {(2%*,...,27)} ¢ tnenas 1—a,
2= (a2 Y, ((DFEDFPFO—wI =

=0

R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

lel

¥ = P .

ceNII

BM
QI —R
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Quantum groups

Quantum Serre relation at Borel-Moore homology
InI={o,...,q}

Recall:
Uyg = (Ey, Fo, Ko, a € II) O e e R R =
Homology :
D = Theorem (Homological and integral version of U g)
One has:
Conf, = {(2%%,...,2%)} ¢ Tne fas 1—ai;
2™ ={21", .. 2} > (-1)!FPFPF-a)=b — ¢

=0

) _ l,El
Ko Lm] —» R =LZlg™] @ Thus, ifq:= q%, there is an algebra morphism:

%CRNI = Hm\l(confm 56)7 Uq<0g - @BM ._ @ceN[H] %CBM
FF o 9 forallact
¥ = P .
ceNIl Above algebras are Z.|q*!| resp. Z[q*'] algebras.

BM
QI —R
Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aoiit
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Quantum groups The quantum Serre class

InI={o,...,q}
U9 = (Eo, Fuo, Ko, o € TI) D =
Homology
D - Let S. < Conf,. be the configurations with a point in either the red or the green.

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

¥ = P .
ceNIT
A A
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Quantum groups The quantum Serre class

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI) D=

Homology
D - Let S. < Conf,. be the configurations with a point in either the red or the green.
Proposition
Conf, = {(2%*,...,2%)}  For any c we have:
FR =0 oo B

i 2o ) HPN ~ HEM (Cont,, 815 7,) := %!

R : Lm] — R = ZgH)

#5M .= HBM (Conf,, S.),

3
lel

X = @ Z.
ceNIT
A A
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t
Quantum groups The quantum Serre class
H:{a17...,al}

U9 = (Eo, Fuo, Ko, o € TI) D =
Homology
D - Let S. < Conf,. be the configurations with a point in either the red or the green.
Proposition
Conf, = {(2%*,...,2%)}  For any c we have:
FR =% T
i 2o ) HPN ~ HEM (Cont,, 815 7,) := %!
R : Lm)] = R = Z|g*!)
BM BM k
%C)A = H‘él (Confc, SC), |t 00
qSerrel, 5 := € Hyor - (4)
¥ = P . ! I
ceNII
BM
HOH " = R where we replace pearls by colors (and indices): blue for «, red for 5.
Jeudi 28 Aolit 22/33
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Quantum groups Expressing qSerre in two ways
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII

A A
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Quantum groups Expressing qSerre in two ways

InI={o,...,q}
In 3,5 we have:

U9 = (Eo, Fuo, Ko, o € TI)
k—1
Homology —Ic(k 1 o
Homeloa oSl - (wih 1) | -
1=0

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

" =H)," (Conf,, S.),

%’::@%’c

ceNII

A A
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Quantum groups Expressing gSerre in two ways

InI={o,...,q}
In 3,5 we have:

Uqg = <Ea7FaaKoua S H>
k-1
Homology —Ic(k 1 o
Hemology asonn ) — (b -as) | -
1=0
D =
Conf, = {(2%*,...,27)} I e A- -
yht gL =12
2 :{Z?i“”,za(i ‘)} qSerr Z ,ﬁqoc
clo; - ko _>72:]77

R : Lm)] = R = Z|g*!)

M .= H (Cont., S.),

¥ = P .

ceNII

KX - R
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Quantum groups

Expressing qSerre in two ways
InI={o,...,q}

/ .
In Z, 5 we have:

Usg = <Ea7FaaKava € H>

E—1
Homology —k(k 1 o
Homolay ool - (s - ws) | ot
1=0
D =
Conf, = {(2%*,...,27)} R e AT
Yh=lg=t —1(1—-1)/2
2% = {2, 20t aSerrey; Z Yo, 9
0 =0 F===- 9,2:],,
R Zm) = R=Z[¢*']  Finall ine rich N
inally, returning right terms in ka+8"
= HP’M(ConfC,S ), k |, g k=1
2 Y=t —l g0/ I (qalq;}i qa,/a) &
¥ — @ %, 1=0 RSl 1=0

ceNIT
A A
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Quantum groups

Expressing qSerre in two ways
InI={o,...,q}

/ .
In Z, 5 we have:

Uqg = <Ea7FaaKava S H>
k-1
Homology —k(k 1) o
P qSerr = (qa lqoz,lﬁ o qaaﬁ) 7 - -
1=0
D =
Conf, = {(2%*,...,27)} I e A- -
yht —l —1(1—
c(aq) =0  F=-=== - e
: _ l,El
R Lm] = R =Zg"] Finally, returning right terms in %k’cwﬁ:
FEM — P’M Conf,, S, k [ = ‘ k—1
e (Confe, Sc), ~tgol g l-y2 G P —1 -1 ¢
D=1 = Ga Qo Qo — doup ) [ 1
H = @ X, =0 [T TR 1=0

ceNII
B, g If k =1 — a, the RHS is 0, the LHS is Y}, 5" (~1)'Fs V7~ )=0 0
QA —
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Quantum groups In between homologies
InI={o,...,q}

There is a canonical map:
Uqg:<Ea7Fa7Ka7a€H> LCZ%CH%CBM,

Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

el
¥ = P .
ceNIT

A A
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Quantum groups In between homologies
InI={o,...,q}
There is a canonical map:
U9 = (Eo, Fuo, Ko, o € TI)
Homology We fix: % :=Im(r.) = ZEM, and Z := @ cnyg -

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

el
¥ = P .
ceNIT

A A
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Quantum groups

In between homologies
InI={o,...,q}

There is a canonical map:

Ugg = (Ea, Fo, Ko, €1I) be: He — M,
Homology We fix: % :=Im(r.) = ZEM, and Z := @ cnyg -
D = Theorem (Bigelow—M.)
The space % is a Q(q)-subalgebra of #BM which is isomorphic to U,9=°. J
Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#5M = HEY (Conf,, S,),

¥ = P .

ceNIT
A A
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Quantum groups

In between homologies
InI={o,...,q}

There is a canonical map:

Ugg = (Ea, Fo, Ko, €1I) Lo Hp — HEM,
Homology We fix: % :=Im(r.) = ZEM, and Z := @ cnyg -
D = Theorem (Bigelow—M.)
The space # is a Q(q)-subalgebra of %™ which is isomorphic to U,g=°. J
Conf, = {(2%*,...,27)}

2% = {20 2% ) Idea: U,g=" is the quotient of the free algebra isomorphic to # by the radical of
Lo Telas) a particular pairing (Lusztig)

R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

lel
X = @ Z.
ceNIT
A A
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Quantum groups

In between homologies
InI={o,...,q}

There is a canonical map:

Ugg = (Ea, Fo, Ko, €1I) Lo Hp — HEM,
Homology We fix: % :=Im(r.) = ZEM, and Z := @ cnyg -
D = Theorem (Bigelow—M.)
The space # is a Q(q)-subalgebra of %™ which is isomorphic to U,g=°. }
Conf, = {(2%*,...,27)}

2% = {20 2% ) Idea: U,g=" is the quotient of the free algebra isomorphic to # by the radical of
Lo Telas) a particular pairing (Lusztig)

Poincaré duality gives:
R 2m] > & = Zg* ' > @A

#5M = HEY (Conf,, S,),

¥ = P .

ceNIT
A A
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Quantum groups

In between homologies
InI={o,...,q}

There is a canonical map:

Ugg = (Ea, Fo, Ko, €1I) Lo Hp — HEM,
Homology We fix: # . :=1Im(.) « ZEM, and # := @ g Z -
D = Theorem (Bigelow—M.)
The space # is a Q(q)-subalgebra of %™ which is isomorphic to U,g=°. J
Conf, = {(2%*,...,27)}

2% = {20 2% ) Idea: Uqg<0 is the quotient of the free algebra isomorphic to # by the radical of
Lo Telas) a particular pairing (Lusztig)
Poincaré duality gives:
R+ Zm] > R = 2lg*] ’e #© XM %

gBM ._ H‘Rll\l(confc S.) which precomposed by 1 ® ¢, gives a (no longer perfect) pairing:
W) QI — R,
¥ = P . )
cENII and % . = Im(v.) is the quotient of %, by the left radical.
H I — R
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Quantum groups

In between homologies
InI={o,...,q}

There is a canonical map:

Ugg = (Ea, Fo, Ko, €1I) Lo Hp — HEM,
Homology We fix: # . :=1Im(.) « ZEM, and # := @ g Z -
D = Theorem (Bigelow—M.)
The space # is a Q(q)-subalgebra of %™ which is isomorphic to U,g=°. J
Conf, = {(2%*,...,27)}

2% = {20 2% ) Idea: Uqg<0 is the quotient of the free algebra isomorphic to # by the radical of
Lo Telas) a particular pairing (Lusztig)
Poincaré duality gives:
R+ Zm] > R = 2lg*] ’e #© XM %

gBM ._ H‘Rll\l(confc S.) which precomposed by 1 ® ¢, gives a (no longer perfect) pairing:
N H QI _)‘%7
¥ = P . )
ceNII and % . = Im(v.) is the quotient of %, by the left radical. Is this Lusztig pairing ?
H I — R
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Quantum groups

InI={o,...,q}

A twisted coproduct

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
BM
QI —R
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Quantum groups

InI={o,...,q}

A twisted coproduct

Uqg:<Ea,FaaKava€H> D =
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
BM
QI —R
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Quantum groups A twisted coproduct

InI={o,...,q}
Uqg:<Ea7FaaKava€H> D =
Homology
o Let T, < Conf, be the configurations with a point in the tricolor central band.

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

el
¥ = P .
ceNIT

A A
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Quantum groups

InI={o,...,q}

A twisted coproduct

Uqg:<Ea7FaaKava€H> D =
Homology

Let T, < Conf, be the configurations with a point in the tricolor central band.
re : #He — Hyg(Confe, Sc U Te).

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

)
B
¥ = P .
ceNII
BM
H X" — R
Jeudi 28 Aoit CEE



Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
Zai = {2,'10[17 e ’Zg(lal)}
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

X = @ Z.
ceNIT
A A

A twisted coproduct

Let T, < Conf, be the configurations with a point in the tr
re : #He — Hyg(Confe, Sc U Te).

Let O. c T, be configurations with a point in the

Jules Martel-Tordjman Quantum groups in nature
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or central band.
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

X = @ Z.
ceNIT
A A

A twisted coproduct

Let T, < Conf, be the configurations with a point in the tr

D =

or central band.

re : #He — Hyg(Confe, Sc U Te).

Let O. c T, be configurations with a point in the

, it can be excised:

Hj(Conf,, Sc u T¢) ~ Hj(Conf \Oe, (Sc U T:)\O.).

Jules Martel-Tordjman Quantum groups in nature
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Quantum groups

A twisted coproduct
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI) D=
Homology
o - Let T, < Conf, be the configurations with a point in the tricolor central band.
re : #He — Hyg(Confe, Sc U Te).
Conf, = {(z°1,...,2*)} Let O. c T, be configurations with a point in the , it can be excised:
2% = {25, ..., 20} H);/(Conf,, Sc u T¢) ~ H¢(Confc\Oc, (Sc v Te)\Oc).

The disk is split, namely:
(Conf \Og, (ScuT)\O.) = |_| (Conf,, x Conf,,, SL x Conf,, U Conf,, xS*

c1+ca=c

R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

e
¥ = P .
ceNIT

A A

where SI is configurations with a point in one of both sides of the Left disk.
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Quantum groups

A twisted coproduct
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI) D=
Homology
o - Let T, < Conf, be the configurations with a point in the tricolor central band.
re : #He — Hyg(Confe, Sc U Te).
Conf. = {(2®,...,2%)} Let O. c T, be configurations with a point in the , it can be excised:
2% = {25, ..., 20} H);/(Conf,, Sc u T¢) ~ H¢(Confc\Oc, (Sc v Te)\Oc).

The disk is split, namely:
(Conf \Og, (ScuT)\O.) = |_| (Conf,, x Conf,,, SL x Conf,, U Conf,, xS*

c1+ca=c

R : Lm] — R = ZgH)

= H‘Pgll\I(Confc, Se),

¥ = P .

cENIT Te: He — H\cl(confcasc % Tc) = @ %cl ®%02

c1+ca=c

where SI is configurations with a point in one of both sides of the Left disk.
The relative Kiinneth formula gives:

BM
QI —R
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Quantum groups

A twisted coproduct
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI) D=
Homology
o - Let T, < Conf, be the configurations with a point in the tricolor central band.
re : #He — Hyg(Confe, Sc U Te).
Conf. = {(2®,...,2%)} Let O. c T, be configurations with a point in the , it can be excised:
2% = {25, ..., 20} H);/(Conf,, Sc u T¢) ~ H¢(Confc\Oc, (Sc v Te)\Oc).

The disk is split, namely:
(Conf \Og, (ScuT)\O.) = |_| (Conf,, x Conf.,,S* x Conf,, uConf,, xS}

c1+ca=c

R : Lm] — R = ZgH)

FEM = H‘T’éll”(Confc, Se),

¥ = P .

cENIT Te: He — HM(CODfC,SC % Tc) = @ %cl ®%02

c1+ca=c

Then @, 1. : # — H @ K is Lusztig twisted coproduct on the free algebra 7.
e 28 A o

where SI is configurations with a point in one of both sides of the Left disk.
The relative Kiinneth formula gives:

A A



Quantum groups

Compatibility between (-, -) and r
InI={o,...,q}

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.
U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

e
¥ = P .
ceNII
BM
H X" — R



Quantum groups

Compatibility between (-, ) and r
InI={o,...,q}

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.

Uq9 = (Ea, Fo, Ko, € I) - Fact: The bilinear form ( -) is the unique one (Lusztig) such that (1,1)

Homology (3) (Fa, F) = 5a5( =y forall o, e L.
D — (b) (z.y'y") = (r(z),y ®y”) forall z,y,y" e .
(c) (az',y") = (z @', r(y")) for all z, 2", y" € H .

Conf, = {(2°1,...,2%)} where the bilinear form on tensor products is given by:

2% = {2 2 (11 ® 12,2y ® 13) = (1, 27) (72, 25).

R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A

Jules Martel-Tordjman Quantum groups in nature Jeudi 28 Aolit
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Quantum groups
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A

Jules Martel-Tordjman Quantum groups in nature

Compatibility between (-, ) and r

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.

Fact: The bilinear form ( -) is the unique one (Lusztig) such that (1,1) =

(a) (Fa, Fp) = 5a5( - for all a, B € II.

(b) (z,y'y") = (r(z), ¥ ®y”) forall z,y,y" e Z.
(c) (az',y") = (z @', r(y")) for all z, 2", y" € H .
where the bilinear form on tensor products is given by:

(551 ® 3, 37{ ® :Eé) = (371’ 93{)(932, l‘é)

Finally, we have: # = % /ker((-, %)) = U,g=°.

Jeudi 28 Aolit
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Quantum groups
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
&% = oo 3(; )}

R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A

Jules Martel-Tordjman Quantum groups in nature

Compatibility between (-, ) and r

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.

Fact: The bilinear form (-, -) is the unique one (Lusztig) such that (1,1) =

(2) (Fa, Fp) = 5a5( 5 forall o, S e IL.

(b) (z,y'y") = (r(z),y’ ®y”) forall z,y,y" e .
(c) (az',y") = (z @', r(y")) for all z, 2", y" € H .
where the bilinear form on tensor products is given by:

(551 ® 3, 37{ ® mé) = (371’ 93{)(332, l‘é)

Finally, we have: # = % /ker((-, 7)) = U,g=°

In Progress:

@ Reconstructing a full Borel (with K's), put a Hopf algebra structure.
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Quantum groups
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
&% = oo ?(’a )}

R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A
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Compatibility between (-, ) and r

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.

Fact: The bilinear form (-, -) is the unique one (Lusztig) such that (1,1) =

(2) (Fa, Fp) = 5a5( 5 forall o, S e IL.

(b) (z,y'y") = (r(z),y’ ®y”) for all z,y,y" e .
(c) (az',y") = (z @', r(y")) for all z, 2", y" € H .
where the bilinear form on tensor products is given by:

(551 ® 3, 37{ ® mé) = (371, 93{)(332, l‘é)

Finally, we have: # = % /ker((-, 7)) = U,g=°

In Progress:

@ Reconstructing a full Borel (with K's), put a Hopf algebra structure.

o All set for a Drinfel'd double construction of U,g.

Jeudi 28 Aoiit
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Usg = <Ea7FaaKa7a € H>

Homology
D =
Conf, = {(2%*,...,27)}
&% = oo ?(’a )}
R : Lm)] = R = Z|g*!)

x>

Quantum groups

InI={o,...,q}

= H]’M(ConfC,S ),

¥ = P .

ceNII

A A
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Compatibility between (-, ) and r

ri=@@,r.: X — H QX is Lusztig twisted coproduct on the free algebra 7.

Fact: The bilinear form (-7 -) is the unique one (Lusztig) such that (1,1) =

(2) (Fa, Fp) = 5a5( 5 forall o, S e IL.

(b) (z,y'y") = (r(z),y’ ®y ") forall z,y,y" € .
(c) (az',y") = (z @', r(y")) for all z, 2", y" € H .
where the bilinear form on tensor products is given by:

(551 ® 3, x{ ® xé) = (271, 93{)(932, l‘é)

Finally, we have: # = % /ker((-, 7)) = U,g=°

In Progress:

@ Reconstructing a full Borel (with K's), put a Hopf algebra structure.

o All set for a Drinfel'd double construction of U,g.

o Relate with stated skein algebras on surfaces with marked boundary.

Jeudi 28 Aoiit

1, and:

]
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Quantum groups

Recovering a PBW basis ?
InI={o,...,q}

How to find a basis of 7 ?

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

e
¥ = P .
ceNII
BM
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Quantum groups

Recovering a PBW basis ?
InI={o,...,q}

How to find a basis of % ? An algebraic answer: Poincaré-Birkhoff-Witt basis.

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

e
¥ = P .
ceNII
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Quantum groups

Recovering a PBW basis 7
InI={o,...,q}

How to find a basis of % ? An algebraic answer: Poincaré-Birkhoff-Witt basis.

Uqg = <EOL7 FOM KOH o€ H> %CBM - %CB-FI\]/c[(iwc)al
Homology k(i, )
I : S
D = 9] — N 2
S R—
Conf, = {(2%%,...,2%)}
i i i h k(1, = ) — 05 )-
2% = {2} 7...,z?(ai)} where k(i, ¢) := >, cn(—ai;)
Proposition
Ae:Zfm] » A=2g™] PO |
For a given simple root «; € 11, the map J; restricted to
#M = B (Conf,., ), @ 7.
c,c(a;)=0
¥ = P . . ) - . . )
o is the appropriate restriction of the algebra morphism associated with the
corresponding braid in AB.
QI — R ‘
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

D:

Conf, = {(2%%,...,2%)}
Zai = {2?17 e ’Zg(lal)}

R Zim] - F = Z[qil] © A homological construction of Ugyg-modules

PN = HJ} (Cont., .),

¥ = P .

ceNII
BM
QI —R
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Quantum groups

InI={o,...,q}

Punctured disks

U9 = (Eo, Fuo, Ko, o € TI)
Homology

w1 wo Wy —1 W,

EE ©
D — e o ... o
n

Conf, = {(2%*,...,27)}

% =450 .. ,z(‘:’("ai)}

D,, is the n times punctured disk, Dy is the disk with n holes.

R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

e
¥ = P .
ceNII
BM
H X" — R



Quantum groups

InI={o,...,q}

Punctured disks

U9 = (Eo, Fuo, Ko, o € TI)
Homology

w1 wo Wy —1 Wy,

©
D — e o ... o
n

Conf, = {(2%*,...,27)}

2% = {277, ... ,zé"(gi)} c-colored configuration space, defined as follows:
i ol
R Lm| — R =1Z[qg"] Conf,(D,,) := (DLcl\U{Zi — z]}> /Gc(al) X o X G (an)
i<y

#"M .= HEY (Conf,, S,

3
lel
¥ = P .
cENIT
H QI - R
Jeudi 28 Aodt

D,, is the n times punctured disk, D; is the disk with n holes. For ¢ € NII, the
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Quantum groups

InI={o,...,q}

Punctured disks

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wq wo Wy —1 W,

L © 00 6O

Conf, = {(z%*,...,2%)} D,, is the n times punctured disk, D is the disk with n holes. For ¢ € NII, the

2™ ={21", .. 2} c-colored configuration space, defined as follows:
: _ o1
Ao Lm] = A =2{g™] Conf.(Dy) := (Drlzcl\U{Zi = ZJ}> /60(a1) X X Gea)
i<y

= H‘Pgll\I(Confc, Se),
S. < Conf.(D,) is now the set of configurations with a point in the (connected)

7 — @ %, red zone.

ceNII
BM
QI —R
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy wa W

D,=| *°* " °

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII

A A

More winding numbers

Jules Martel-Tordjman Quantum groups in nature
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Quantum groups

More winding numbers
= {a,...,a}

-1
2

Ug8 = (Ea; Fo, Ko, a € TI) ®,(D,) : Conf, — (SY)!x Elgl) % ((Sl)l)”
Homology (22, 2%) o @ [T, (9(=2 wi), - g(2%, wi))

wy w2 W

Dn: e o - @

Conto = {(2°,...,2™)}

2% = {21, .., 2000}
R : Lm] — R = ZgH)

%CRM = HR]\I(Confm 50)7

e
¥ = P .
ceNII
BM
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Quantum groups More winding numbers
= {a,...,a}

-1 n
Ugg = (Eq, Fo, Ko, € T0) O.(Dy) Conf, — (SY)!x(S")" 7 x ((Sl)l)

Homology Sz o Box [T (9(2 w), -, g (2% W)

L 7e(Dy) == 1 ((Sl)l « (S ((Sl)l)”) —mex ]

1<i<l,1<j<n

Z{w (i, 7))

Conf, = {(2%*,...,27)}

z% = {2,'10”7 000 ’Zg(lal)}
R : Lm] — R = ZgH)

= H‘Pgll\T(ConfC, Se)s

¥ = P .

ceNII

KX - R
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¢ .
Quantum groups More winding numbers

InI={o,...,q}
1(1—1)
U9 = (Eo, Fuo, Ko, o € TI) &,(Dy) : Conf, — (SY)!x ELSl)T
Homology (z%,...,2%) = @ x][iL, (g(2"

1(1—1)

me(D) i=m ((8)! x (81"

D,=| *°* " °

Conf, = {(2°,...,z0)}  Let Ru:=2[¢* ()P ] o1 iqp and
FR =8 o
{ 1 c(al)} 7 [ﬂ'c(Dn)] N %L
ki
. _ +1 . i
Re Z["Tl] - R = Z[q ] 9e(Dn) : k(i,j) s q(a,,a])/Q
%CRXI = H‘Fill\T(ConfC’ Sc), m(za]) —> Si,j.
¥ = P .
ceNII
XA - R

Jules Martel-Tordjman Quantum groups in nature

1,wi),..

X ((Sl)l)n) =T, X

x ((sh))"

: ag(zal7 wi))

I

1<i<l,1<j<n

Z{w (i, 7))

_q(a”al)/Q — _qdi
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Quantum groups

More winding numbers
InI={o,...,q}

1(1—1) n
U8 = (Ea, Fo, Ko, € T0) o.(D,) : Conf, — (SY)!x Elgl)T X ((gl)z)
Homology (z0,...,2%) = @ox [[iL (g(z%, wi), ..., g(2%, w;))
D. — bl T we(Dp) :=m ((gl)l % (S1>z(lg1> % ((Sl)z)”) =T X H Z{w(i,7))
! 1<i<l,1<j<n
Conf, = {(2%1,...,2%)} Llet Rp:=1Z [¢F, (S;)il]lsisn,lstl’ and:
at == az ceey al
z {Zl ] Zc(az‘)} 7 [ﬂ'C(Dn)] R %L
ko _q(al,al)/Z _ _qdi
R : Lm] - R = L] ¢c(Dy) : . (0102
Gy
FEM = HE?I(COHfC,Sc), w(i,j) — 8.

The data set %Z.(D,,) := (R, #.(Dy),0.(Dy)) provides a local system.

¥ = P .

ceNII

A A
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Quantum groups
InI={o,...,q}

More winding numbers

-1 n
Ugg = (Eo, Fo, Ko, 0 € TI) ®,(D,) : Conf, — (SY)!x Elgl) 7 % ((Sl)l)
ool (22, 2%) o @ [T, (9(=2 wi), - g(2%, wi))
Do=| ¥ ro(Da) = w1 (890 x )5 x () ) =mex  [] 2wl

Conf, = {(z™,...

2%}

% =450 .. ,zg("ai)}

R : Lm] — R = ZgH)

#5M = HEY (Conf,, S,),

¥ = P .

ceNII

A A

1<i<l,1<j<n
Let Ry :=Z[q*", (Sj)il]1gisn,1<jsl' and:
Z|r.(Dy)] — %
ki s _q(al,al)/Z _ _qdi
D,):
¢c(Dn) by o gl
m(l,]) = 8.

The data set %Z.(D,,) := (R, #.(Dy),0.(Dy)) provides a local system.

H (Dy) := @NH7C(Dn) = @H Im (HM(Conf67 Se; Re) — HP)(Conf, Sc;.%c))
ce ce
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy wa W

D,=| *°* " °

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII

A A

Recovering simple and Verma modules
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Quantum groups

Recovering simple and Verma modules
InI={o,...,q}

Theorem (Bigelow-M.)

Uyg = (Ea,Fo,Ko,a €11)  Spaces % (D) are U,g-modules.
Homology

wy wa W

D,=| ** " °

Conf, = {(2%*,...,27)}

Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII
BM
QI —R
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Quantum groups

Recovering simple and Verma modules
InI={o,...,q}

Theorem (Bigelow-M.)

Uyg = (Eo,Fo, Ko, €I)  Spaces % (D)) are U,g-modules. % (D5) and F (D:) are respectively the simple
Homology and the (co)Verma module of suitable highest weight.

wy wa W

D,=| *°* " °

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

#M = HPM (Conf,, S.),

el
¥ = P .
ceNIT

A A
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Quantum groups

Recovering simple and Verma modules
InI={o,...,q}

Theorem (Bigelow-M.)

Uyg = (Eo,Fo, Ko, €I)  Spaces % (D)) are U,g-modules. % (D5) and F (D:) are respectively the simple

Homology and the (co)Verma module of suitable highest weight.
D, — P o U,g=° = F acts by stacking disks from above:

F x (D) — F(Dy)

Conf, = {(2%*,...,27)}

. ‘ . D, .
e ) (D.,,D.,) — ek o +er(Dy).
(&)
R : Lm] — R = ZgH)
" .= H}," (Conf,, S.),
X = @ Z.
ceNIT
A A
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Quantum groups

Recovering simple and Verma modules
InI={o,...,q}

Theorem (Bigelow-M.)

Uyg = (Eo,Fo, Ko, €I)  Spaces % (D)) are U,g-modules. % (D5) and F (D:) are respectively the simple

Homology and the (co)Verma module of suitable highest weight.
D, — E S o U,g=° = F acts by stacking disks from above:

F x (D) — F(Dy)

Conf, = {(2%*,...,27)}
2% — {Z?iv e ,Zg(iai)} (961’902) G E iy € %61+62 (Dn)

R : Lm] — R = ZgH)

o Let $? = S. = Conf, be configurations with two points in 0~ D,,.
FPM = BV (Cont, S.),

el
o P TV gEM (5, 5% %)~ @D #PD,) — 2PL(D,)

c—« n c—x
H = @ K. a€ll,c(a)>0
ceNII

A A
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Quantum groups

Recovering simple and Verma modules
InI={o,...,q}

Theorem (Bigelow-M.)

Uyg = (Eo,Fo, Ko, €I)  Spaces % (D)) are U,g-modules. % (D5) and F (D:) are respectively the simple

Homology and the (co)Verma module of suitable highest weight.
D, — E S o U,g=° = F acts by stacking disks from above:

F x (D) — F(Dy)

Conf, = {(2%*,...,27)}
2% — {Z?iv e ,Zg(iai)} (961’902) G E iy € %61+62 (Dn)

R : Lm] — R = ZgH)

o Let $? = S. = Conf, be configurations with two points in 0~ D,,.
%CP’” = HP’M(ConfC,S ),

el
o P TV gEM (5, 5% %)~ @D #PD,) — 2PL(D,)

c—« n c—x
H = @ 7. a€ll,c(a)>0
ceNII
F QXM R o Ko =@ .cnn (Hp 1. Sp, a) Hﬂel’[ an )Id%BM(D )
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy wa W

D,=| *°* " °

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

PN = HJ} (Cont., .),

¥ = P .

ceNII

A A

Recovering tensor products

wy

W

(WE  Wn
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Quantum groups

Recovering tensor products
InI={o,...,q}

Uqg = <Ea7FaaKoua S H>

wy  Wg Wy Wn

D, =
Homology
wy Wy w
D,=1| °° ° Same kind of protocol as that for the twisted coproduct gives an isomorphism:

7PM(D,) — #PM(D) @ #BM(D,_y).
Conf, = {(2°1,...,2)} (Dn) (Di) ® 7N (D)

% =450 .. ,z(‘:’("ai)}
R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

)
B
¥ = P .
ceNII
BM
H X" — R
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Quantum groups

Recovering tensor products
InI={o,...,q}

Usg = <Ea7FaaKava € H>

D, = | [
Homology
wy wa Wi
D,=1| °° ° Same kind of protocol as that for the twisted coproduct gives an isomorphism:

7PM(D,) — #PM(D) @ #BM(D,_y).
Conf, = {(2°1,...,2)} (Dn) (Dy) @ #°M (Di— )

2™ ={21", .. 2}
Theorem (Bigelow-M.)

The isomorphism is one of U,g-modules while restricted to %. Namely: % (D2)
#5M .= HBM (Conf,, S.), is the product of n-copies of the simple module (with suitable highest weights).

e
¥ = P .
ceNIT

A A

R : Lm] — R = ZgH)
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Quantum groups

H:{O[l,...

Uqg = <Ea7FaaKava € H>

aal}

Homology

w; w2

D,=| * *

Wk
.

Conf, = {(2%%,...,2%)}

% =450 ..

R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

" @

ceNII

(e 77
s Zo(a) )

7z

A A

Recovering tensor products

wy Wy Wy Wn

D, =

Same kind of protocol as that for the twisted coproduct gives an isomorphism:

#"M(D,)) — #PM(Dy) @ #PM(D,,_4).

Theorem (Bigelow-M.)

The isomorphism is one of U,g-modules while restricted to %. Namely: % (D2)
is the product of n-copies of the simple module (with suitable highest weights).

Moreover, ZBM(D,,) is naturally endowed with an action of the braid group on n
strands 9, which is isomorphic to Mod(D,,). The action is shaped like an
R-matrix.
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Quantum groups
InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy Wy W

D,=| *°* " °

Conf, = {(2%%,...,2%)}

% =450 .. ,zg("ai)}

R : Lm] — R = ZgH)

#"M .= HEY (Conf,, S,

3
lel

¥ = P .

ceNII

A A

Recovering tensor products

D,

wy

Wy

Wk Wp

Same kind of protocol as that for the twisted coproduct gives an isomorphism:

#"M(D,)) — #PM(Dy) @ #PM(D,,_4).

Theorem (Bigelow-M.)

The isomorphism is one of U,g-modules while restricted to %. Namely: % (D2)
is the product of n-copies of the simple module (with suitable highest weights).

Moreover, ZBM(D,,) is naturally endowed with an action of the braid group on n
strands 9, which is isomorphic to Mod(D,,). The action is shaped like an

R-matrix.

In progress: It is given by the “universal” R-matrix.
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy wa W

D,=| *°* " °

Merci pour votre attention !

Conf, = {(2%%,...,2%)}

2% = {20, 2500
R : Lm] — R = ZgH)

" := H;)" (Conf,, S.),

¥ = P .

ceNII
BM
QI —R
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy Wy W

D,=| *°* " °

Conf, = {(2%%,...,2%)}
&% = oo ?(’a )}

R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A

A dual action for E's

V! :={z e Conf.(D,),|z n 0" D,| =i}

Yi(a):= {z € Conf.(D,),|2* n 0" D,| =i}

Y} = T(D,) :={z € Conf.(D,),|z n 0" D,| > 1}.
H:;kompact(confc(Dn)’ T(Dn)v‘%C(D )) - H:ompact(yi(o‘)v Ycl(a) N T(Dn))7

is induced by restriction. Notice that:

Y () = (Yi(a) n T(Da) o (
The relative Poincaré dual map gives (dim Y () = 2m, — i):
01(0) ¢ Hyn, (Confe(Dy), S(Dn); Re(Dn)) = Hyn i Vi), Yi(@) A Vit 2,).
There is an isomorphism:

Hon,—s( Y2 (@), Yi(0)
For o € TI, we define the k-th divided power of %(E] to be a map:

k] .
& #,(D,) - Ho_ra(D,)

Yi(a)n Y.

Yci+l; %c) =~ %cfia(Dn)
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Quantum groups

Left adjointness
InI={o,...,q}

Uqg = <Ea7FaaKoua € H>

Homology
D,=| +< " Proposition
We recall the perfect pairing:

Conf, = {(2%%,...,2%)}

() (D) x HPM(Dn) — R(L).
% =450 .. ,z(‘:’(’ai)}

For this form, %, is left adjoint to K 1 %(Ek] is left adjoint to Fo (k) and &, 0”[1]
R : Lm] — R = Z|gt'] left adjoint to &,.

= HP)' (Cont., S),
e @
ceNII

BM
QI —R
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy Wy W

D,=| *°* " °

Conf, = {(2%*,...,27)}

% = 5 000 By
R : Lm] — R = ZgH)

M .= H (Cont., S.),

¥ = P .

ceNII

A A

(k)
Squashing gSerre,, 3

k—1

. * %(k 1) o
aoerre,, 3 = o 9o, — Qo8
=0
Idea:
ot = -1+ -
| - |
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Quantum groups

InI={o,...,q}

U9 = (Eo, Fuo, Ko, o € TI)
Homology

wy wy W

D,=| *°* " °

Conf, = {(2%%,...,2%)}
Zai = {2?17 e ’Zg(lal)}
R : Lm] — R = ZgH)
x" = P’M(ConfC,S )s

¥ = P .

ceNII

KX - R

k

Partitioning qSerrea_)ﬁ

k. kF==== P R
_ _ 1
qSerr Z - lﬂqa i-1)/2
L AR
Idea: In ZBM we have:
I I I +
//; P ¢ = Z(_l)k—l L
[RREE EEEEEE N kz“
. B =
_ 2( 1)k qulgqa—l(l 1)/2 W <‘
T | A
k—1
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